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ABSTRACT

An expression for the kinetic energy of an in-
finite liquid mass due to small motions of a sub-
merged cylinder is obtained analytically. When the
motion is described in terms of generalized coordi-
nates, the corresponding inertia coefficients appear
in the kinetic-energy expression. The analysis is
carried out for the problem of a floating flexible
rectangular box. Calculations are performed for
generalized coordinates representing rigid-body mo-

tion and plastic deformation.
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I. Introduction

The purpose of this paper is to provide the background
for the treatment of transient problems of elastic or plastic
box structures resembling a surface ship and floating on the
surface of a semi-infinite fluid. Whenever the transient
problem is such that the fluid may be considered incompres-
sible, the problem can be formulated in terms of generalized
coordinates; the presence of the fluid then produces only
terms which can be derived from the kinetic energy of the
fluid, expressed in the generalized velocities. The results
of this paper are intended to be applied to the determination
of the elastic or plastic response of a ship-like structure
to initial velocities imparted to it by an underwater explo-
sion. Appropriate velocity distributions may be obtained by
experimental or analytical means; an analytical approach has
been presented in Ref. 1.

The present problem becomes amenable to analysis if it
is treated as a two-dimensional one, that is, if the box is
regarded as an infinitely long, flexible rectangular cylinder
whose boundary undergoes small motions perpendicular to the
generatrices; the latter remain straight and parallel to the
axis. The fluid is assumed at rest at large distances from
the cylinder, and the motions of the cylindrical boundary

are small deviations from its rest configuration.



The problem may thus be viewed, approximately, as a bound-
ary-value problem in plane ideal-fluid flow with prescribed
normal velocities along a stationary boundary. It can there-
fore be attacked by the classical methods of plane potential
theory, and, in particular, by the conformal mapping of the
given boundary curve intoa circle, and subsequent contour in-
tegration. The analysis is carried out for the general case
in Section II, resulting in the general expression for the
inertia coefficients. The expression takes the form of an
infinite series whose terms depend on the Fourier coefficients
of the transformed normal-velocity distribution. These Fourier
coefficients may be obtained by quadrature (numerical, in
general), provided the mapping function is known. The mapping
function appropriate to the present case of a floating rectan-
gular box is developed analytically in Section III, and is
tabulated at the end of the report in a form suitable for in-
tegration, for the two beam-draft ratios of 2 and 3,

Calculations were actually carried out for the special
case of motion in which the degrees of freedom considered were
(i) the three rigid-body motions (horizontal and vertical
translations, and rotation), and (ii) three deformations of
the box representing possible plastic damage. These degrees
of freedom are illustrated in Figure 1. The results are tabu-
lated in the form of inertia matrices for the two beam-draft

ratios considered,
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An idea of the accuracy of the calculations (which, be-
sides numerical integrations, involve truncations of infinite
series) may be had by virtue of the fact that for the two
translatory degrees of freedom the inertia coefficients may
be calculated exactly. This is shown in the Appendix.

The results of this paper are also applicable to vibra-
tion problems, provided the frequencies are low enough to

permit the assumption of incompressibility.

II. Virtual Inertia Terms for a Closed Cylinder

The kinetic energy of an incompressible fluid in irrota-
tional two-dimensional flow in the x y plane is, per unit

distance in the 2z direction,

Tegp 60 A, (1)

Where p is the (constant) fluid density, ¢ the velocity
potential, ¥ the stream function, and the integration is
carried out in the positive direction around the boundary.
(see, for example, Ref, 2, p. 66.) If the fluid is bounded
internally by a closed cylinder, then, in accordance with the
usual convention, the direction of integration is clockwise
around the projection C of the cylinder. On introducing the

complex potential function,

w=¢ + iy ,



one may write Equation (1) as

T = nl; powrdw , (2)

n

{the asterisk denotes the complex conjugate), since
widw = (¢ - ip) (a¢ +idy) = 2iedy + 5 (42 +y2 - 2iey),

and the integral of a perfect differential around a closed
curve is zero.
The x and y components of fluid velocity, u and v,

are given by the relation

u - iv = dw/dz , (3)
where

z=x + iy .

The normal velocity (considered positive into the fluid) at

a point z = z, on the curve C is therefore

gy ax
U, ®" 14 3s - Vds
(%)

= Im(dw/ds)

=
zzc

where ds (=| dz|) is an element of arc length on C, meas-
ured positive counterclockwise.

If the 2z plane is now mapped conformally into a {
plane such that the outside of C is mapped into the outside

of the unit circle,



then for a fluid which is at rest at infinity the complex

potential function may be expressed, in general, in the form

o .
a, + lbn -n

- ¢ (5)

where the coefficients a, and bn are real. The normal

velocity on C is now given by

o

ae ,
u, = 45 nil (an cos né + b sin nf) . (6)

Consequently, by Fourier's theorem,

a_ > ar cos né '
()-8 (o o) B m

n/ o

The arc length on C, measured counterclockwise from the
point corresponding to 6 = 0, may be treated as a function

of 6, defined by

8(6) = je a8 49 (8)
o o s
where
selgl .
§ = exp(if)

In particular,

s(enr) =p,



the perimeter of C. We may further define a dimensionless

variable,

o = s/p,
and consider 6 a function of o. Equation (7) may then be
written alternatively as

[an p 1 cos nb (o)
b, =7 fo uv(o) sin nf (o) do . (10)
When the expression (5) for the complex potential func-
tion is used in Equation (2) and the integration is carried
out along { = exp(if):; the resulting expression for the ki-
netic energy is
2 2
L an+bn

1 X
T=5mp 2
e n=1

(11)

A small normal displacement of C may in general be re-
garded as the superposition of normal displacements correspond-
ing to different modes of motion (or degrees of freedom), each

of which may be expressed, at any time t, as
£,(a)q,(t) ,

where fi(o) describes the shape, while qi(t) gives the am-
plitude., (It should be noted that if q, is a length, f;
is dimensionless, while if q; is an angle, fi has the di-

mension of length.,) The general normal velocity is consequently



The Fourier coefficients a s bn’ are then

{an}=22 2r1 g, (13)
bn i i 8in i’

where
c. cos nf (o)
{s;:}= ﬁfi(o){su‘ ng(o)}do . (14)

The amplitudes q; may now be treated as generalized coordi-
nates of the motion, so that the kinetic energy becomes a
quadratic form in the generalized velocities:

1 .

T = -2'§ ZJ' mij qiqj ) (15)
where
2 o0 C. C. + sS. 8.
myy = 4 zl_.mJnn s (16)
n=

These are the inertia coefficients of the system (cf. Ref. 2,

p. 188).

III. Application to a Floating Rectangle

If the curve C is symmetric about the x axis, then

in the conformal mapping this axis may be mapped into the real

axis of the { plane. In such a case, a normal-velocity
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distribution which is an odd fuaction of (, that is, one

for which

for all n, corresponds to the condition

This, however, is just the condition for the surface y =0
to be a free surface. If, consequently, we are dealing with
a cylinder floating on the surface of the liquid occupying

the half-space Yy g.o , the projection of the immersed por-
tion of the cylinder being Cl, then the problem is equiv-
alent to the previously treated one of the submerged closed
cylinder, provided C is the union of C1 and of its reflec-
tion, and the normal-velocity distribution is antisymmetric
about the x axis,

The only possible modes of motion are, therefore, those
for which the coefficients a, vanish. Fuarthermore, since
the kinetic energy of the half-space is half of that of the
equivalent full space, the inertia coefficients for the float-
ing case are half of those given by Equation (16).

We are interested here in the motion of a rectangular box
of beam 2a and draft b. The equivalent problem is that of the

closed rectangle given by

- a S_xfi a,
-b{y{b.



The six degrees of freedom which are described in the Introduc-
tion and illustrated in Figure 1 are conveniently grouped into,
first, the three which are antisymmetric, and secondly, the three

which are symmetric about the Yy axis, Consequently,

s

Si,am = 4 f: fi(o)sin 2amf(c)do, m = 1,2...
i=1,2,3
i,emér - 0O, m=0,1,2...
8i,2m =0, m=1,2...
i i=}4,5,6
5;,emer = 4 J_£i(0)sin(2m+1)6(0)do, m = O,1...

It remains, then, only to obtain the mapping function 6(o).
The appropriate mapping is given by the following special case

of the Schwarz-Christoffel transformation:

i

%% = R(1 - 272 cos 2a + c")2 (17)

where R is real, and the points [ = + exp(t ia) correspond
to the corners of the rectangle. In accordance with Equation (9)

we have

3
%g =R|2 cos 2a - 2 cos 20| . (18)

Equation (18) can be integrated with the aid of elliptic in-

tegrals. Using the notation of Ref, 3, we let




k =sina , k! = cos a

The coordinates of the rectangle are related to 6 by the

equations
x=1a,
y = 2R[E(k,¢) - k'2F(k,9)],
(19)
x = 2R[E(k',9") - k®F(k',0')],
y==2%b,
where
¢ = sin”*(sin 6/x), ¢' = sin"‘(cos 6/k') .

In particular, the dimensions of the rectangle are related to
R and a by

a = 2Rk'?B!,

b = 2Rk®B ,

so that the beam-draft ratio 2a/b is a function of a only,

as is the scale factor <y, defined by

2R
Y= a+b ’

Consequently, both a and <y are functions of 2a/b. For
the two ratios of 2 and 3, the values of a and <y, obtained
by interpolation from the tables of Ref. 4, are given in

Table 1.

-10-



Since for the closed rectangle
p = 4(a+b) ,

the relation between ¢ and 6 is given by

1l
%% = %I 2 cos 2u - 2 cos 20 | © . (20)

Though Equation (20) is, of course, integrable in terms of ?

elliptic integrals, there remains the task of inverse inter-

poloation in order to obtain © as a function of ¢. If this
task is to be performed by a digital computer, then it is far
simpler to include the integration of Equation (20) in the

same program, as well as the calculation of cos né and sin néo,

The results of these computations are shown in Tables 2 to 5.

The inertia coefficients for the six aforementioned degrees

of freedom were calculated by numerical integration and sum-

mation up to n = 10, and are tabulated in matrix form in

Table 6.

-11-’
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APPENDIX

For the two translatory degrees of freedom, that is i=l
and i=l4 (see Figure 1), the integrals for 8;, are expres-
sible in closed form,

Consider, first, i=l. We have

vy 2o 3 |
8 .om =" 3 fo sin 2mo(2 cos 260 - 2 cos 2a)“ 46 (A1)

but the sine of an even multiple of 6 can be written as

. . mel ) R(mex)! 2k
sin 2mé = 2 sin 6 cos 6 kio vl (k17 *in 6. (a2)

The change of variable

sin 6 = gin a sin y

yields
m-1 k 2k, n/2
i = m+k)isin 2 2k+
8 ,em =~ 2Y sina kio 2k+1) ! (m-k-1) ! fo cos®ysin®*Tly ay
m-1 (_16)%(m +k) ik! (k+1) !8inZKa

= - 4y sin%a =

2o 1) (k4D t(2k+3)T - (A3)

Similarly, for isl,

y /2 3
8, ombr = 2 fa sin(2m +1)6 (2 cos 2a - 2 cos 26)°a9, (A4)
but
m moo_y)k +k)!
sin(2m+1)0 = (=1)"sin 6 = X cos®kg ,  (a5)

k-o ak!m- .

-13-
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On changing the variable

cos O = cos a 8in ¥ ,

we have

m k 2 n/2
_q\m 2 -4)%(m+ k) cos?Ka 2y .2
S, omby = (-1)"y cos akf‘;o 50 (oL fo cos2ysinZky ay

m k 2

-1 m + k) ! cos?ka
(-l)m l}? coszakio -(_-L(-(_TLt_T_k! X+ 1) (m-1)" . (a6)
In the particular case a/b = 1, for which

cos?a = 1/2 ,

we have
8 - -
™y a4.!\ 1, n=1
r ‘l»-r 2r-2)! ,
2(-1) —-r—!{m‘}-" , n=ir-1, r=1,2,,.. (AT)
o) all other n .

From the closed-form expressions (A3) and (A6), the iner-
tia coefficients m . and m“ can be computed to any desired
accuracy, for we can find, with the aid of Parseval's theorem,
an upper bound to the truncation error due to summing a finite
number of terms on the right-hand side of Equation (16). De-

fining

14—



m(N) - p? g ®in * 8in
X = ’
ii T =l n
we have
N N 2 ®o ¢c2 +g°
posy mgomy e B2 5 Sin'Cin
ii ii il n=N+1 n .
Hence
(N) < pe [ ( o - ) (A8)
Am; . 'TIL"‘Y z cs + 8% ).
ii 2 r(N+1 ne=N+1 in in
but
1 5 dg
7 2 (cfy + oly) =6 1£,(0))* G a0 . (a9)

Calling the integral on the right-hand side of Equation (A9)

Ki’ we have
(¥)  pp? 1 N
amy; S werl®y -7 2 (efy +sip)l. (10)

In particular, for the cases under consideration

a
K = 4(7/8)2f°(2 cos 260 - 2 cos 2a) 48

= (y/4)2(sin 2a - 20 cos 2a),
and

n/2
K = 4(v/8)2 fa (2 cos 20 - 2 cos 20) A9

= (y/4)2[sin 20 + 2(% -a) cos 2a].



TABLE 1

Mapping Parameters

2a/b a Y
2 0.785398 1.180341
(=m/4)
3 0.693231 1.175372

-16-
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